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Preface
For some (2m+2)-dimensional differentiable manifolds one can define the
notion of almost complex structure and for some (4n + 4)-dimensional diffe-
rentiable manifolds one can define the notion of almost quaternion structure
by means of three almost complex structures satisfying certain conditions.
These notions were first introduced by C. Ehresmann [7] in 1947 and then
were studied by other geometricians [5], [6], [17], [20], [24], [25], [30], [48],
[58], [59] etc, respectively [2], [22], [24], [26], [27], [28], [29], [57] etc.
For some (2m + 1)-dimensional differentiable manifolds one can define
the notion of almost cocomplex structure which may be considered as analo-
gous to the almost complex structure (for even dimensional manifolds). This
structure was first introduced in 1960 by S. Sasaki and called a (φ, ξ, η)-
structure [34]. Later on, S. Sasaki and his students used the name almost
contact structure for (φ, ξ, η), as the structural group of the tangent bundle
of a manifold which has a (φ, ξ, η)-structure may be reduced to U(n)×1 and
conversely [5], [18], [19], [35], [41], [42], [58] etc. The same structure was
studied in the papers of J. Bouzon [3], K. Ogiue and M. Okumura [31], K.
Ogiue [30] etc, which named it an almost cocomplex structure.
The odd dimensional sphere S2m+1 is a typical example of differentiable
manifold which admits an almost cocomplex structure (φ, ξ, η) [35]. We men-
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tion that by means of the 1-form η which appears in the almost cocomplex
structure of S2m+1, Gh. Vra˘nceanu [55] and C. Teleman [43] defined and
studied on S2m+1 a nonholonomic manifold V 2m2m+1 whose Riemannian metric
is that of a symmetric space V2m. Taking this idea into account, we observed
that on the almost cocomplex manifold a nonholonomic (holonomic) mani-
fold of codimension one can be defined and studied by Pfaff’s nonintegrable
(complete integrable) equation η = 0.
The present paper defines and studies a structure for some (4n + 3)-
dimensi-onal manifolds which is named almost coquaternion structure. This
structure is composed of three almost cocomplex structures (φa, ξa, ηa), a =
1, 2, 3, which satisfy some relations and may be considered as analogous to
the almost quaternion structure for (4n+4)-dimensional manifolds [49]−[53].
Independently, Y. Kuo [23] introduced in the same way the same structure
calling it an almost contact 3-structure. Then, S. Sasaki [36], S. Tachibana
and W. Yu [39], S. Tanno [40] etc investigated some properties of this struc-
ture using the denomination given by Kuo.
The sphere S4n+3 is a typical example of differentiable manifold which
admits an almost coquaternion structure (φa, ξa, ηa), a = 1, 2, 3 [49], [36].
Using the 1-forms ηa of the almost coquaternion structure of the sphere S
4n+3,
C. Teleman [44] defined and studied on S4n+3 a nonholonomic manifold V 4n4n+3
whose Riemannian metric is the one of a symmetric space of E. Cartan [4].
Keeping in mind Teleman’s idea, we observed that on an almost coquaternion
manifold a nonholonomic (holonomic) manifold of codimension three can be
defined and studied by nonintegrable (complete integrable) Pfaff’s system
η1 = 0, η2 = 0, η3 = 0.
Our results are included in seven Chapters whose summary is given fur-
ther on.
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CHAPTER I
We suppose that all the used differentiable manifolds and maps are of
class C∞ and we denote by X (M) the Lie algebra of all vector fields on the
manifold M .
Let M be a (4n+ 3)-dimensional manifold.
1.1. Definition [49], [23]. An almost coquaternion structure on M
is an aggregate consisting of three almost cocomplex structures (φa, ξa, ηa),
a = 1, 2, 3, which satisfy
φa ◦ φb − ξa ⊗ ηb = −φb · φa + ξb ⊗ ηa = φc
φaξb = −φbξa = ξc
ηa · φb = −ηb · φa = ηc,
ηa(ξb) = ηb(ξa) = 0,
for any cyclic permutation {a, b, c} of {1, 2, 3}.
In the paper [39] it is shown that the aggregate (φa, ξa, ηa), a = 1, 2, 3,
cannot be completed with a fourth almost cocomplex structure which, to-
gether with the three structures given above satisfy relations of the same
type as those of Definition 1.1. On the other hand, we observe [49], [23] that
in order to have an almost coquaternion structure onM it is sufficient to give
only two almost cocomplex structures which satisfy certain relations, since
the third structure results from the given structures. The more explicit form
is [49]:
1.2. Theorem. If a differentiable manifold M admits two almost co-
complex structures (φa, ξa, ηa), a = 1, 2, which satisfy
φ1 ◦ φ2 + φ2 ◦ φ1 = ξ1 ⊗ η2 + ξ2 ⊗ η1,
η1(ξ2) = 0,
then we have η2(ξ1) = 0, φ1(ξ2) = −φ2ξ1, η1 ◦ φ2 = −η2 ◦ φ1, and M admits
a third almost cocomplex structure (φ3, ξ3, η3) defined by
φ3 = φ1 ◦ φ2 − ξ1 ⊗ η2 = −φ2 ◦ φ1 + ξ2 ⊗ η1,
ξ3 = φ1ξ2 = −φ2ξ1, η3 = η1 ◦ φ2 = −η2 ◦ φ1,
so that the relations of Definition 1.1 are valid.
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1.3. Theorem. If (φa, ξa, ηa), a = 1, 2, 3, is an almost coquaternion
structure on M , then ∀(Aad) ∈ SO(3), ∀α : M → R \ {0},(
φ¯d =
∑
a
Aadφa, ξ¯d =
1
α
∑
a
Aadξa, η¯d = α
∑
a
Aadηa
)
, d = 1, 2, 3,
is again an almost coquaternion structure on M .
M is said to be an almost coquaternion manifold.
Let x be an arbitrary point of M . We denote the tangent space at x
by TxM and its hypercomplexification H ⊗R TxM by T
H
x M , where H is the
corps of quaternion numbers and R is the real number field.
1.4. Theorem. If by DaxM , a = 1, 2, 3, we understand unidimensional
distributions defined respectively by vector fields ξa, then the existence of an
almost coquaternion structure on M is equivalent to the existence of the dis-
joint distributions SHx M , DaxM such that
THx M = S
H
x M ⊕ τ
′SHx M ⊕ τ
′′SHx M ⊕ τ
′′′SHx M ⊕D
H
1xM ⊕D
H
2xM ⊕D
H
3xM.
Thus, the existence of an almost coquaternion structure on M implies
dimM = 3n + 3.
Every almost coquaternion manifoldM admits an associated Riemannian
metric to the given almost coquaternion structure in the sense of
1.5. Theorem. If M is an almost coquaternion manifold, then there
exists a positive definite Riemannian metric g such that
ηa(X) = g(ξa, X),
g(φaX, φaY ) = g(X, Y )− ηa(X)ηa(Y ), a = 1, 2, 3, ∀X, Y ∈ X (M).
The aggregate (φa, ξa, ηa, g), a = 1, 2, 3, is called an almost coquaternion
metric structure and M is said to be an almost coquaternion Riemannian
manifold.
An almost coquaternion metric structure can be described by means of
1-forms ηa and 2-forms Θa(X, Y ) = g(φaX, Y ). Furthermore, we have
1.6. Theorem. If (φa, ξa, ηa, g), a = 1, 2, 3, is an almost coquaternion
metric structure, then, ∀(Aad) ∈ SO(3), ∀α :M → (0,∞),(∑
a
Aadφa,
1
α
∑
a
Aadξa, α
∑
a
Aadηa, αg + (α
2 − α)
∑
a
ηa ⊗ ηa
)
, d = 1, 2, 3,
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is again an almost coquaternion metric structure on M .
Also, we find
1.7. Theorem. IfM is am almost coquaternion (Riemannian) manifold,
then the structural group of its tangent bundle TM reduces to GL(n,H) ×
1× 1× 1 (Sp(n)× 1× 1× 1). The converse is also true.
Consequently, every almost coquaternion manifold M is orientable.
Some of the results presented in this Chapter have been published in [49].
CHAPTER II
Let M be a 4n-dimensional differentiable manifold which possesses an
almost quaternion Hermitian structure (Ja, G), a = 1, 2, 3, and M be a man-
ifold which admits an almost coquaternion metric structure (φa, ξa, ηa, g),
a = 1, 2, 3.
2.1. Theorem. The product manifold M × M possesses an almost
coquaternion metric structure (φ′a, ξ
′
a, η
′
a, g) defined by
φ′a
(
X
Y
)
=
(
JaX
φaY
)
, ∀X ∈ TxM, ∀Y ∈ TyM, (x, y) ∈M ×M,
ξ′a =
(
0
ξa
)
, η′a = (0, etaa), g
′ =
(
G 0
0 g
)
.
Taking into account that the aggregate (0, d
dt
, dt, 1) can be regarded as an
almost cocomplex metric structure on the real line R, we have
2.2. Theorem. If M is an almost coquaternion Riemannian manifold,
then the product manifold M ×R has an almost quaternion Hermitian struc-
ture
Ja =
(
φa ξa
−ηa 0
)
, G =
(
g 0
0 1
)
induced by (φa, ξa, ηa, g) and (0,
d
dt
, dt, 1).
As in [35], we obtain
2.3. Theorem. The almost coquaternion structure determines the fol-
lowing tensor fields on M
N1a (X, Y ) = Na(X, Y, φa) + 2dηa(X, Y )ξa, of type (1, 2),
N2a (X, Y ) = −2ηa(φaX, Y )− 2dηa(X, φaY )ξa, of type (0, 2),
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N3a (X) = −(Lξaφa)(X), of type (1, 1),
N4a (X) = −(Lξaηa)(X), of type (0, 1), ∀X, Y ∈ X (M),
where Na(X, Y ;φa) is the Nijenhuis tensor of the endomorphism φa.
The tensor fields satisfy some relations which corresponding to those sat-
isfied by the Nijenhuis tensors attached respectively to the three almost com-
plex structures Ja on M ×R. As an application of these relations, we deduce
2.4. Theorem. N11 , N
1
2 , N
1
3 vanish if any two of them vanish.
On the other hand, using the structure tensor T of the almost quater-
nion structure on M ×R we deduce that the almost coquaternion structure
determines the following tensor fields on M
T 1(X, Y ) =
2
3
∑
a
N1a (X, Y ), of type (1, 2),
T 2(X, Y ) =
2
3
∑
a
N2a (X, Y ), of type (0, 2),
T 3(X, Y ) =
2
3
∑
a
N3a (X, Y ), of type (1, 1),
T 4(X, Y ) =
2
3
∑
a
N4a (X, Y ), of type (0, 1), ∀X, Y ∈ X (M).
Notice now, that T 1, T 2, T 3, T 4 satisfy some relations which correspond to
those satisfied by the structure tensor T attached to the almost quaternion
structure on M × R. These imply
2.5. Theorem. If any one of T 1, T 2, T 3, vanishes, then T 4 vanishes.
If T 1 vanishes, then all the other tensors T 2, T 3, T 4 vanish.
2.6. Theorem. T 1 vanishes if and only if N11 , N
1
2 , N
1
3 simultaneously
vanish.
From the former discussions, it appears that the almost coquaternion
structure (φa, ξa, ηa), a = 1, 2, 3, onM whose tensor T
1 vanishes (identically)
corresponds to the pseudo-quaternion structure Ja, a = 1, 2, 3, on M × R.
Hence it consists of three normal almost cocomplex structures.
2.7. Definition. The almost coquaternion structure whose tensor T 1
vanishes identically is called a pseudo-coquaternion structure and the mani-
fold with such a structure a pseudo-coquaternion on manifold.
The induced almost quaternion structure on M × R may be integrable.
So, we admit
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2.8. Definition. If the almost quaternion structure Ja on M × R is
integrable, then we say that the almost coquaternion structure (φa, ξa, ηa) on
M is normal and that M is a normal almost coquaternion manifold.
A normal almost coquaternion structure is a pseudo-coquaternion struc-
ture. The converse is not generally true.
Finally, we observe that if N is a (4m + 1)-dimensional manifold which
possesses an almost quaternion contact metric structure (ϕa, ξ, η, h), a =
1, 2, 3, [16], then we have
2.9. Theorem. The product M ×N of an almost coquaternion Rieman-
nian manifold M and an almost quaternion contact Riemannian manifold
N is an almost quaternion Hermitian manifold with the structure (Ja, G),
a = 1, 2, 3, defined by
Ja
(
X
Y
)
=
(
φaX + η(Y )ξa
ϕaY − ηa(X)ξ
)
, ∀X ∈ TxM, ∀Y ∈ TyN,
G =
(
g 0
0 h
)
.
The results obtained previously are included in [53].
CHAPTER III
First we show that the following theorem is valid.
3.1. Theorem. An almost coquaternion (metric) structure on M is
equivalent to the existence of a G-structure PG(M), where G is the real rep-
resentation of GL(n,H)× 1× 1× 1).
This G-structure was called the bundle of coquaternion linear frames (the
bundle of coquaternion orthonormal frames).
3.2. Definition. A linear - or affine - connection of M is called an
almost coquaternion (metric) connection if it is determined by a connection
in the bundle of coquaternion linear frames (the bundle of coquaternion or-
thonormal frames).
We have
3.3. Theorem. A linear connection ∇ of an almost coquaternion man-
ifold M with almost coquaternion structure (φa, ξa, ηa), a = 1, 2, 3, is an
almost coquaternion connection if and only if φ1, φ2, ξ1 (=⇒ φ3, ξ2, ξ3, ηa) are
parallel with respect to ∇.
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3.4. Theorem. ∇ is an almost coquaternion affine connection if and
only if the connection 1-forms ωRS of the coquaternion frame fields
XS : Xs, Xs′ = φ1Xs, Xs′′ = φ2Xs, Xs′′′ = φ3Xs, X4n+a = ξa,
S = s, s′, s′′, s′′′, 4n+ a; s = 1, 2, . . . , n,
are given by the matrix
ω =


ωr1 ω
r
s′ ω
r
s′′ ω
r
s′′′
−ωrs′ ω
r
s −ω
r
s′′′ ω
r
s′′
−ωrs′′ ω
r
s′′′ ω
r
s −ω
r
s′
−ωrs′′′ −ω
r
s′′ ω
r
s′ ω
r
s
0
0
0 0 0
0 0 0
0 0 0


.
In fact XS constitute a system of 4n + 3 independent congruences in
U ⊂ M and ωR = dsR. Therefore, using the connection 1-forms we can
build up the components γRTS of the coquaternion affine connection ∇ with
respect to the congruences XS. Taking into account the definition of these
components [54], [10-14] expressed in the invariant language [48], we find
γRTS = ds
R(∇XTXS) = ω
R
S (XT ).
So, ∇ is a coquaternion affine connection if and only if its components with
respect to the congruences XS are given by 4n+ 3 matrices having the form
of ω.
We also prove the following theorems.
3.5. Theorem. Every almost coquaternion manifold M admits an affine
connection ∇ˆ such that:
1) ξa and ηa are parallel with respect to ∇ˆ,
2) the torsion Tˆ of ∇ˆ is given by
Tˆ (X, Y ) = 2
∑
a
dη(X, Y )ξa, ∀X, Y,
where X and Y are vector fields.
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3.6. Theorem. A linear connection ∇ of an almost coquaternion Rie-
mannian manifoldM with almost coquaternion metric structure (φa, ξa, ηa, g)
is an almost coquaternion metric connection if and only if φ1, φ2, g(⇒ φ3, ξa, ηa)
are parallel with respect ∇.
3.7. Theorem. ∇ is an almost coquaternion metric connection if and
only if the connection 1-forms ωRS of the coquaternion orthonormal frame
fields XS are given by the matrix ω with the additional conditions ω
R
S = −ω
S
R.
Some results concerning holonomy and almost coquaternion (metric) struc-
ture on M are given at the end of this chapter.
These results are included in [51].
CHAPTER IV
Suppose M (dimM = 4n + 4) has an almost quaternion structure Ja,
a = 1, 2, 3, and M is an orientable hypersurface imbedded in M by i : M →
M . Let TM denote the tangent bundle of M and TrM the restriction of the
tangent bundle ofM toM . We denote by i∗ the differential of the imbedding
i so that i∗ is the mapping i∗ : TM → TRM . Let ζ be a pseudonormal vector
field defined along M , i.e., ζ ∈ TrM and ζ /∈ TM . Then we can find a
mapping i−1
∗
: TrM → TM and a 1-form ω defined on M such that
i−1
∗
◦ i∗ = id, i∗ ◦ i
−1
∗
= Id− ζ ⊗ ω,
ω ◦ i∗ = 0, i
−1
∗
ζ = 0, ω(ζ) = 1, ω(Jaζ) = 0,
where id. is the identity on TM and Id. is the identity on TrM .
4.1. Theorem. An orientable hypersurface M of an almost quaternion
manifold M has a naturally induced almost coquaternion structure
φa = i
−1
∗
◦ Ja ◦ i∗, ξa = i
−1
∗
Jaζ, ηa = −ω ◦ Ja ◦ i∗, a = 1, 2, 3.
Let D be an affine connection on M . The affine connection of M induces
an affine connection ∇ and three fundamental tensor fields: h of type (0,2)
of type (1,1), m of type (0,1), on M in a natural manner [8], [37]. We have
4.2. Theorem. Let D be an almost quaternion connection on M , i.e.,
(DXJa)(Y ) = 0, ∀X, Y ∈ X (M).
The connection ∇ on M is an almost coquaternion connection if and only if
h = 0, l = 0, m = 0.
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Suppose M has an Hermitian metric G. Then the induced metric g is
given by
g(X, Y ) = G(i∗X, i∗Y ), ∀X, Y ∈ TxM.
M is orientable and we assume that M is oriented. Then we can choose
a differentiable field ζ of unit normal vectors over M if and only if M is
orientable. The field ζ satisfies the equations G(ζ, ζ) = 1, G(ζ, i∗X) = 0,
∀X ∈ TxM and ω(Jaζ) = 0, a = 1, 2, 3, together with its associated 1-form
ω(X) = G(ζ,X).
4.3. Theorem. An orientable hypersurface M of an almost quaternion
Hermitian manifold M has a naturally induced almost coquaternion metric
structure
φa = i
−1
∗
◦ Ja ◦ i∗, ξa = i
−1
∗
Jaζ, ηa = −ω ◦ Ja ◦ i∗, a = 1, 2, 3.
g(X, Y ) = G(i∗X, i∗Y ), ∀X, Y ∈ TxM.
Particularly, any hypersurfaces in R4n+4 which has one of the properties:
1) is simply connected and connected,
2) can be defined implicitly by M : f(x) = c, where the differential df is
not zero at any point of M ,
3) is convex,
is orientable and hence it possesses an almost coquaternion metric structure.
For example, the sphere S4n+3 is a compact manifold which has an almost co-
quaternion metric structure and the hypersurface of Tzitzeica x1x2 . . . x4n+4 =
1 is a noncompact manifold which has an almost coquaternion metric struc-
ture.
If R is the real line, then we have
4.4. Theorem. An almost coquaternion Riemannian manifold M can
be imbedded in the almost quaternion Hermitian manifold M ×R as a totally
umbilical or geodesic hypersurface.
The above mentioned ideas arose from [41] and were published in [50].
Let M be a m-dimensional manifold and Γijk, i, j, k, l = 1, 2, . . . , m, be
a connection on M . We denote the Ricci tensor field attached to the given
connection by Γij .
4.5. Definition [15]. If ∇k(det(Γij)) = 0, then the manifold M is called
an A0m-manifold.
4.6. Theorem. If det(Γij) 6= 0, then M is an A
0
m-manifold if and only
if
Γij∇kΓij − Γ
ijΓljkΓei + Γ
l
lk = 0, Γ
ij def=
1
det(Γij)
∂ det(Γij)
∂Γij
,
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or
Γij∇kΓij = 0,
if Γij is a symmetrical tensor.
Using this Theorem we have:
4.7. Theorem. Any η-Einstein manifold is an A0m-manifold.
CHAPTER V
Being given an almost coquaternion manifoldM with structure (φa, ξa, ηa),
a = 1, 2, 3, we suppose that {ξa} gives rise to a Lie group of transformations
on M . Let us denote by G this 3-dimensional group.
5.1. Definition. An almost coquaternion structure (φa, ξa, ηa) is called
QxM-invariant if the distribution
QxM = {X|X ∈ TxM, η1(X) = 0, η2(X) = 0, η3(X) = 0}
is invariant with respect to Rt, where Rt means the right translation in M by
t ∈ G.
5.2. Theorem. An almost coquaternion structure is QxM-invariant if
and only if
Lξ1ηa = C
a
21η2 + C
a
31η3,
Lξ2ηa = C
a
12η1 + C
a
32η3,
Lξ3ηa = C
a
13η1 + C
a
23η2,
where Cabc are the structure constants of the Lie algebra of G and Lξa repre-
sents the Lie differentiation with respect to ξa.
5.3. Lemma. If the structure (φa, ξa, ηa) is QxM-invariant, then the
tensor field Γ =
∑
a
ξa⊗ ηa is invariant under the action of G. The converse
is also true.
As the tensor field of type (2,2)
P =
1
4
(id⊗ id+
∑
a
φa ⊗ φa + Γ⊗ Γ)
is invariant by G if and only if the field
∑
a
φa⊗φa invariant by G, we admit
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5.4. Definition. A QxM-invariant almost coquaternion structure is said
to be P -invariant if and only if
∑
a
φa ⊗ φa is invariant under the action of
G.
Let us suppose that M is an almost coquaternion Riemannian manifold
with structure (φa, ξa, ηa, g), a = 1, 2, 3, and that {ξa} determine a Lie group
of motions with respect to g. In these conditions we get
5.5. Theorem. The group G is necessarily isomorphic to a unitary,
semi-simple group, if C123 = m 6= 0, or is isomorphic to an Abelian group,
if C123 = 0. If G is isomorphic to a unitary, semi-simple group, then its
representative Riemanian space has a positive constant curvature.
We specify that in this case the structure (φa, ξa, ηa) is QxM-invariant as
Lξaηa = 0, Lξaηb = −Lξbηa = mηc,
for any cyclic permutation {a, b, c} of {1, 2, 3}. Evidently, the tensor field
Γ =
∑
a
ξa ⊗ ηa is invariant with respect to such a group G and we have
5.6. Lemma. If {ξa} generates a unitary, semi-simple group of motions,
with respect to g, such that
Lξaφa = 0, Lξaφb = −Lξbφa = mφc,
for any cyclic permutation {a, b, c} of {1, 2, 3}, then the tensor fields∑
a φa ⊗ φa, of type (2, 2),
P =
1
4
(
id⊗ id+
∑
a
φa ⊗ φa + Γ⊗ Γ
)
, of type (2, 2),
φ1 ⊗ φ2 ⊗ φ3, of type (3, 3),∑
a
ξa ⊗ φa, of type (2, 1),
are invariant under the action of G.
Let M be an almost coquaternion manifold with structure (φa, ξa, ηa),
a = 1, 2, 3. We admit
5.7. Definition. If {ξa} gives rise to a Lie group of transformations on
M and the distribution defined by {ξa} id regular in Palais’ sense [32], then
the almost coquaternion structure (φa, ξa, ηa) is said to be strictly regular.
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Suppose M is a connected compact manifold. We denote by MG the
quotient space and by pi : M → MG the canonical projection. It is known
that [32] MG is a connected compact manifold for which pi(U)(x
1, . . . , x4n) is
a coordinate neighborhood.
5.8. Theorem. If (φa, ξa, ηa) is a strictly regular and QxM-invariant
almost coquaternion structure on a connected compact manifold M , then
(i) M is a principal G-bundle over MG whose fiber is compact [32],
(ii) Γ =
∑
a
ξa ⊗ ηa is a connection on M , and
(iii) η = {ηa} is a connection 1-form on M .
The Theorem 5.8 shows that we may consider principal bundles of type
M(MG, G, pi), where the total space M of possesses a QxM-invariant almost
coquaternion structure and G is the group generated by {ξa}.
5.9. Theorem. If M(MG, G, pi) is a principal bundle in which the total
space M possesses a P -invariant structure (φa, ξa, ηa) then the tensor field
P =
1
4
(
id⊗ id+
∑
a
φa ⊗ φa + Γ⊗ Γ
)
induces on MG a global projector on the tensors of degree 2,
Pp(X, Y ) = dpi(Px)(X
∗
x, Y
∗
x ),
∀p ∈ MG, x ∈ M , p = pi(x), X
∗
x denotes the lift of X ∈ X (MG) with respect
to the connection η.
Suppose now that M possesses an almost coquaternion metric structure
(φa, ξa, ηa, g), a = 1, 2, 3. Extending a result from [49] we get
5.10. Theorem. If the connected compact manifold M has an almost
coquaternion metric structure for which: (1) Θa = dηa, (2) the induced almost
quaternion structure on M × R is a pseudo-quaternion structure, (3) the
distribution defined by {ξa} is regular in Palais’ sense [32], then
(i) M is a principal bundle whose fiber is a sphere S3 or a real projective
space RP 3 = S3/{id.,−id}.
(ii) Γ =
∑
a
ξa ⊗ ηa is a connection on M , and
(iii) η = {ηa} is a connection 1-form on M .
As g is a G-invariant Riemannian metric on M , we can define a Rieman-
nian metric on Mg by
h(X, Y ) = g(X∗, Y ∗), X, Y ∈ X (MG),
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called the induced Riemannian metric.
Next we suppose that the hypotheses of Theorem 5.10 are satisfied and
hence Lemma 5.6 is valid. Therefore all the tensor fields mentioned in lemma
5.6 induce tensor fields on MG whose properties are included in some theo-
rems.
The Theorems stated in this part of the paper hold good for any prin-
cipal bundle M(MG, G, pi) in which the total space M possesses an almost
coquaternion metric structure and D is a unitary semi-simple group of mo-
tion satisfying Lemma 5.6.
Finally, we make some observations on the structure equation of the fiber-
ing in Theorem 5.10.
CHAPTER VI
Let M be an almost cocomplex manifold with structure (φ, ξ, η) and f a
transformation of M .
6.1. Definition. A transformation f of M which leaves φ invariant,
i.e.,
f∗ ◦ φ = φ ◦ f∗
is called a φ-transformation [35].
6.2. Lemma. If f is a φ-transformation of M , then there exists a
function ε :M → R such that
f∗ξ = εξ, f
∗η = ε ◦ fη.
Consider a subset of infinitesimal φ-transformations X such that there is
a system of differential equations
(∗) ηkξ
i ∂
2Xk
∂xi∂xj
= hikj(x)
∂Xk
∂xi
+ hkj(x)X
k + hj(x)
defined in a neighborhood of x ∈ M and satisfied by components X i of X ;
denote by T0(M ;φ) the corresponding subset of φ-transformations in the set
of all φ-transformations over M .
Sasaki’s papers [35] suggested us to use some results of [1], [32] in order
to prove the following
6.3. Theorem. If M is a compact manifold, then T0(M ;φ) is a Lie
group of transformations.
16
LetM be an almost coquaternion manifold with structure tensors (φa, ξa, ηa),
a = 1, 2, 3.
6.4. Definition. A transformation f on M which leaves φ1 and φ2
invariant, i.e.,
f∗ ◦ φa = φa ◦ f∗, a = 1, 2,
is called a (φ1, φ2)-transformation.
6.5. Lemma. If f is a (φ1, φ2)-transformation of M , then
f∗ ◦ φ3 = φ3 ◦ f∗
and there exists a function ε : M → R such that
f∗ξa = εξa, f
∗ηa = ε ◦ fηa, a = 1, 2, 3.
Let T0(M ;φ1, φ2) be the subset of all (φ1, φ2)-transformations which verify
the relation (*). We have
6.6. Corollary. If M is a compact almost coquaternion manifold, then
T0(M ;φ1, φ2) is a Lie group of transformations.
Let M be an almost cocomplex manifold.
6.7. Definition. A transformation f of M which leaves the structure
(φ, ξ, η) invariant, i.e.,
f∗ ◦ φ = φ ◦ f∗, f∗ξ = ξ (⇒ f
∗η = η)
is called an automorphism of M [35].
It results: if M is a compact manifold, then the set of all automorphisms
of M is a Lie group [35].
Let M be an almost coquaternion manifold.
6.8. Definition. A transformation f of M which leaves the structure
(φa, ξa, ηa) invariant, i.e.,
f∗ ◦ φ1 = φ1 ◦ f∗, f∗ ◦ φ2 = φ2 ◦ f∗, f∗ξ1 = ξ1,
(⇒ f∗ ◦ φ3 = φ3 ◦ f∗, f∗ξ2 = ξ2, f∗ξ3 = ξ3, f
∗ηa = ηa, a = 1, 2, 3),
is called an automorphism of M .
It follows that the set of all automorphisms of a compact almost coquater-
nion manifold M is a Lie group.
Finally, we prove
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6.9. Theorem. Every (4n + 3)-dimensional Lie group admits a left
invariant almost coquaternion structure.
The results obtained in this chapter have been included in [52].
CHAPTER VII
Let M be a 3-dimensional manifold. We have
7.1. Theorem. M has an almost coquaternion (metric) structure if and
only if it is parallelizable.
The hypothesis that M is parallelizable is equivalent to the fact that it
possesses three vector fields ξa which are linearly independent at every point
of M . Let ηa be the dual 1-forms. Define three linear endomorphisms φa by
φ1 = ξ3 ⊗ η2 − ξ2 ⊗ η3, φ2 = ξ1 ⊗ η3 − ξ3 ⊗ η1, φ3 = ξ2 ⊗ η1 − ξ1 ⊗ η2
and a metric tensor g by
g = η1 ⊗ η1 + η2 ⊗ η2 + η3 ⊗ η3.
(φa, ξa, ηa, g), a = 1, 2, 3, defines an almost coquaternion metric structure on
M .
As any orientable 3-dimensional manifold is parallelizable [38], we have
7.2. Theorem. Every 3-dimensional orientable manifold has an almost
coquaternion metric structure.
The above presented results permit us to give explicitely almost coquater-
nion metric structures on the sphere S3 : x2 + y2 + z2 + t2 = 1 and on the
Tzitzeica hypersurface xyzt = 1.
Then it is shown that the sphere S4n+3 possesses a normal coquaternion
metric structure (φa, ξa, ηa, g), a = 1, 2, 3, for which Θa = dηa and the dis-
tribution defined by {ξa} is regular in Palais’ sense. So the sphere S
4n+3 is
an example of our results obtained in Chapter V. The quotient space of this
principal bundle is the quaternionic projective space [2], [54].
Finally, we construct some almost coquaternion structures on some hyper-
surfaces of the tangent bundle of an almost quaternion (Hermitian) manifold.
The author expresses his heartiest thanks to Professor Gheorghe Th. Ghe-
orghiu for his kind remarks and valuable advices in preparing the PhD Thesis.
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